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synopsis 
In flex testing of elastomers, the length of a cut is measured periodically as a function 

of the number of flexing cycles. In most cases a large nu'mber of measurements is ac- 
cumulated for each test piece which would lead one to believe that the results should 
have a high degree of precision. This, however, is not the case, mainly because not all 
of the measurements are used to express the final result. Instead of being a precise test, 
flex testing is in fact notorious for its irreproducibility. A new method is proposed for 
computer treatment of flex data in which all of the flex measurements are fitted to an 
empirical equation by means of nonlinear regression analysis. From the fitted equation, 
more precise estimates of rate of growth and growth initiation point can be obtained 
than is possible using the data treatment procedures proposed by ASTM. Also a new 
index of flex life is defined which is conveniently scaled from 0-100. This so-called flex 
index is a convenient index of overall flex behavior. 

INTRODUCTION 

Interpretation and reporting of flex results have always been problems. 
For example, ASTM D813 gives three ways in which results can be reported 
for the DeMattia flex test: (1) mean rate of crack growth over entire test 
period; (2) average rate of crack growth over any chosen portion of the 
test; (3) number of cycles to  reach an arbitrary crack length, say 0.5 in. 
None of these, however, is entirely satisfactory. 

The form used to  record the raw DeMattia flex data in our laboratories 
is shown in Table I. Depending upon when failure occurs, up t o  26 indi- 
vidual measurements are recorded for each compound, a rather time-con- 
suming and expensive procedure. Clearly, then, a satisfactory way of re- 
porting the results should employ all of the measurements. 

The first method proposed by ASTM is unsatisfactory because rates 
would have to be computed for all pairs of adjacent points and averaged. 
If this is done for both of the proposed duplicate runs, 24 calculations are 
required for each compound, a tedious task. If, however, only the initial 
and final crack lengths are used to calculate the average rate, only 4 of the 
26 measurements are used and the other 22 are wasted. 

* Presented a t  a meeting of the Division of Rubber Chemistry, American Chemical 
Society, Boston, Massachusetts, April 24-28, 1972. 
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The second proposed mcthod is unsatisfactory for the same reasons as the 
first exccpt that the number of mcasurcments involvcd is smaller. Further- 
more, the portion of the data to use is completely arbitrary. 

The third proposed mcthod is unsatisfactory because it employs only 2 or 
4 of the 26 recorded measurements. Furthcrmorc, if thc chosen crack length 
lies bctwcn readings at  two adjacent cycles, interpolation to arrivc at thc 
requircd numbcr of cycles is inaccuratc unless thc relatiomhip for relating 
crack length to cycles is known-which usually is not. For cxamplc, if we 
must find the numbcr of cycles required to reach an 0.5-in. crack length and 
we havc, say, a reading of 0.3 in. at lS,OOO cyclcs and of 0.7 in. at 36,000 
cycles, it is inaccuratc to say that 27,000 cyclcs is the appropriate number. 
This figure is correct only if thc cycle-crack length relationship is lincar- 
and it usually is not. 

In rubber technology, as in all areas of scicncc, new tools continually bc- 
come available to  simplify once tedious and even impossible tasks. Such a 
tool is thc elcctronic computer. Availability of a computer puts at our 
disposal mathematical and statistical tools which, prior to the computer 
era, could not be implcmentcd owing to the tremendous amount of com- 
putation involved. With the prcsent wide acccssability of computers, it 
is impcrativc that we reexamine our methods of data collection, intcrprcta- 
tion, and analysis to determine if thcy can be improved upon with mathc- 
matical and statistical tools now available. 

APPLICATION TO DEMATTIA FLEX DATA 

DeJ’Iattia flex is notorious for its irrcproducibility. This is a rather 
strange state of affairs bccause morc measuremcnts arc actually made per 
DeA’lattia test than for most other rubber tests. The real problem lics in 
the fact that not all of the test measurements arc used in the determination 
of the characteristic of interest. What is needed is a modcl relating crack 
growth to number of test cycles. If a modcl is known, the precision of a 
predicted cut lcngth is increased as the number of mcasuremcnts is in- 
creased in thc same way that a mean becomcs morc precise as the numbcr of 
measurements upon which it is based increases. For example, with a 
known model, increasing the numbcr of measurements in the vicinity of, 
say, SO% cut growth will actually increase the precision of all othcr cut 
growth predictions, even as far removed as 5%. Without a model, a 
thousand mcasurcmcnts at the SO% cut growth lcvel will not increase 
knowledge of cut growth at 10% one iota. The principlc can be summa- 
rized as follows : 

If a well-fitting modcl is known which relates test mcasurements, an in- 
crease in the number of measurements anywhere within the rangc of 
validity of the modcl will increase the precision of the cntire fitted model. 

What is needed, then, is clcarly a modcl relating cut lcngth to the number 
of flexing cycles. 
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MODEL DEVELOPMENT 

Consideration of the shape of cycle-versus-crack length curves led to 
early realization that an exponential curve of some type was required and 
also that In cycles would, more than likely, be the appropriate scale of 
measurement. After an extensive amount of model building, the following 
equation was devcloped: 

where a, b, and c = fitted parameters, X = number of cycles, and Y = 

fractional cut growth = , and 

where initial cut length was 0.1 in. and sample width was 1 in. This equa- 
tion is nonlinear in the parameters so that standard multiple linear regres- 
sion analysis could not be employed. For such a model, nonlinear regres- 
sion techniques are required.’ In nonlinear regression analysis, the re- 
sidual sum of squares which is a function of the parameters is minimized 
over the parameter space. A minimization problem, however, can be 
handled by a maximization algorithm simply by maximizing the quantity 
to  be minimized multiplied by - 1. This then reduces to  a maximum seek- 
ing method in three dimensions for eq. (1). The nonlinear regression pro- 
gram used in this study employed the so-called pattern search method of 
maximization developed by Hooke and Jeeves,* and good estimates were 
generally found in fewer than 1000 iterations. 

The pattern search method was employed simply because it was available 
in programmed form. It is quite possible that other methods such as 
illarquardt’s algorithm3 or steepest ascent (des~ent)~ would be more ef- 
ficient. On the other hand, it is very likely that the pattern search program 
which was employed could be improved by more efficient programming to 
decrease the number of iterations required. 

(cut length at  time t - initial cut length) 
(sample width - initial cut length) 

EXPERIMENTAL 

To evaluate the model developed above, it was fitted to the DeMattia 
flex results of an acceleration study of SBR filled with an experimental 
silica. The formulations are shown in Table I1 and constitute a 32 fac- 
torial design. The flex results have already been given in Table I. The 
test was run at  room temperature, and two replications were made for 
each compound. In this study, the two replications were run on different 
days since only eight compounds could be tested at  one time. A better 
method would have been to randomly select test pieces for each run. 
In this way, true test error is not confounded with any block effects result- 
ing from running the test at widely separated times. 
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TABLE I1 
Formulations in Parts per Hundred by Weight 

Compound 45694 45695 45696 45697 45698 45699 45700 45701 45702 

SBR 1500 100 
N-Phen yl-p- 

napht hyl- 
amine 1 

Zinc Oxide 5 
Experimental sil- 

ica 80 
Naphthenic oil 5 
N-t-Butyl-Zben- 

zothiazole sul- 
fenamide 0.8 

uram disulfide 0.4 
Tetraethylthi- 

Sulfur 1.4 2.2 1.8 1.8 1.4 2.2 2.2 1.4 1.8 
Polyethylene 

glycol 0.4 1.2 0.8 0.4 1.2 0.8 0.4 0.8 1.2 

ESTIMATION OF PARAMETERS 

After the flex results were collected, the cut length measurements were 
transformed to  fractional cut growth. A nonlinear regression computer 
program was then employed to estimate the parameters a, b, and c in eq. (1) 
for each compound. The results are shown in Table 111. Plots of the 
equations fitted to the data points are shown in Figures 1 to 8, where the 
dotted portions of the curves represent extrapolations. 

TABLE 111 
Parameters for Equation (1) 

Compound 
No. a b C 

45695 
45696 
45697 
45698 
45699 
45700 
45701 
45702 

1.174 
0.933 
0.535 
2.069 
7.568 
3.715 
1.567 
1.611 

6.713 
9.247 
10.038 
13.963 
12.244 
15.238 
13.049 
9.151 

6.323 
4.895 
6.824 
2.077 
1.989 
1.702 
4.418 
3.163 

The point scatter for these nine figures looks reasonable, with two 
possible exceptions. First, the two test pieces for compound 45696 shown 
in Figure 2 exhibited different crack-growth initiation points. The cause 
of this was probably poor technique in making the initial cuts. As a result, 
the two sets of points actually represent two near-parallel curves. The 
fitted curve is approximately the average of the two individual curves. 
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Fig. 1. Data from compound 45965 fitted to eq. (1). 

Secondly, the data points for compound 45700 shown in Figure 6 ex- 
hibited an unexpected decrease in cut growth rate starting at 10,OOO 
cycles. Such a phenomenon could have been caused by a change in en- 
vironmental conditions during the testing period or innumerable other 
factors. 
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SULFUR I .8 
POLYETHYLENE =SOL 0.4 

Fig. 3. Data from compound 45697 fitted to eq. (I). 

Erratic behavior such as described above can only be checked by running 
Unfortunately, in this study, confirmatory tests confirmatory tests. 

could not be run owing t o  the limited availability of experimental silica. 

Use of Fitted Equations 

Once the equation has been fitted, the three parameters a, b, and c pro- 
From vide a good representation of the data in highly condensed form. 

W R  I .4 
POLYETHYLENE GLYCOL 1.2 

Fig. 4. Data from compound 45698 fitted to eq. (I). 
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Fig. 5. Data from compound 45699 fitted to eq. (1). 

0'- 
0 

p ' I  I I Ill11 I 1 I I l l l l l  1 I I l l l l l  
700 1000 loo00 IOC 

c(cLEs 

Fig. 5. Data from compound 45699 fitted to eq. (1). 

100 

these parameters and the model equation, we can calculate any flex char- 
acteristic we like. Furthermore, the result will be more accurate than any 
of the ASTM criteria because all of the data were employed in estimating 
the parameters a, b, and c. 

Two obvious things we would like t o  know about flex behavior are (1) 
when cut growth commences and (2) some index of the rate of growth after 

SULFUR 2.2 
POLYETHYLENE GLYCOL 0.4 

CYCLES 

Fig. 6. Data from compound 45700 fitted to eq. (1). 
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SULNR I .4 
#KyminuIE awn 0.8 

CYCLES 

Fig. 7. Data from compound 45701 fitted to eq. (1). 

growth commences. From (l), the number of cycles required for m y  
given fractional cut growth is 

In this study, the number of cycles required to give 1% cut growth was 
taken as the initiation point, XO, or 

This is a convenient indication of time or cycles required for cut growth to 
begin. In some instances, X o  will fall in the extrapolated portion of the 
curve. This will not give unreasonable results because Y approaches zero 
as In X approaches zero in eq. (1). 

The rate of cut growth after growth initiation is a little more complex. 
For rate of growth on a per cycle basis we get 

and on a per In cycle basis we get 

a&" - dY 
mnx O"+' 

& = - -  (5) 

From these two expressions, we can calculate a rate of growth ei$her on a per 
cycle or per In cycle basis at any given number of cycles, X. It may also 
be of interest to calculate rate of growth at any given fractional cut growth, 
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CYCLES 
Fig. 8. Data from compound 45702 fitted to eq. (1). 

Do 

Y,. In this case, we can calculate the number of cycles X ,  corresponding 
to a growth of Y ,  from eq. (2) and substitute X ,  in eq. (4) or (5). The 
decision of what to use as an indication for rate of growth for the purpose 
of comparing compounds, however, is somewhat arbitrary. Should we use 
rate at  10,OOO cycles, rate at  50% cut growth,, average rate between 20% 
and 50% cut growth, or what? To get a better picture of the situation, 
the rate on a per decade basis is plotted along with the cut growth curve for 
compound 45695 in Figure 9 where the rate curve is dotted. The most 

300 
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interesting feature of this curve is that it exhibits a maximum. The maxi- 
mum occurs at X, cycles, where 

X, = exp[b(&)""]. 

Furthermore, from eqs. (4) and (5) we can get the actual maximum rates, 
say, R,,, R,,, by substituting X, for X. 

It may appear at first sight that X,, R,,, or R,, may provide good bases 
for comparison of rates. There is, however, one problem. To use these 
expressions, X, must be less than the total number of cycles of the test. 
In the present study, the test was terminated at 100,OOO cycles so that four 
of the nine compounds have values of X, greater than 100,000 cycles. If 
the test is run to complete failure (i.e., 100% cut growth), however: X,, 
R,,, and R,, may provide good indices for comparing rates. 

If the test is run to complete failure, a better index of growth rate would 
be some average value for growth rate. If we let X, be (the number of 
cycles required to reach) 99% cut growth, where 

a good average rate of growth would be R,,, where 

- - x, - 1 xo {+xP(-(&)c)-exP(-(&-)c)]}. (8) 

The corresponding average based on In X would be 
i plnXm 

- - lnx, - l n x o  {+XP( -(&)")--P( -(&)")I}. (9) 

Running the test to  complete failure, then, Xo and either R,, or R,, would 
give an excellent, highly condensed, and very meaningful description of 
flex behavior. 

In many instances, however, because of the amount of time involved, 
it is not possible to  run each compound to failure. As a matter of fact, it 
is common practice to run the test for a given number of cycles regardless 
of the extent of crack growth. This obviously creates problems and makes 
comparisons rather difficult. For example, in the present study, com- 
pound 45694 showed no crack initiation by the end of the test, i.e., 100,OOO 
cycles. For such cases, the Oex index I was defined as follows: 

I = [ 1: a exp( - (&Y)dlnX/J: dlnX] X 100. (10) 
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J 
0.4 

0 

0 

Fig. 10. 

This index is illustrated in Figure 10, where the index is equal to  area B 
divided by the sum of areas A and B multiplied by 100. Obviously, the 
index will range from 0 to  100, a rating of 100 indicating no crack growth 
during the entire testing period and a rating near zero indicating rapid 
failure. For this study, the integration limits were set at 500 and 100,000 
cycles. These limits are arbitrary for any given study; but, should the 
method become widely used, it would, of course, be advisable to  standardize 
them. The integral in the numerator of eq. (10) was too complex to  eval- 
uate in closed form, and so was evaluated by iteratively measuring the area 
under the curve (1) with the aid of a computer. Flex index is obviously 
a function of both initiation point and rate of growth and thus gives an 
overall index of flex behavior. 

Equation (10) is satisfactory only if complete failure does not occur 
before the end of the test. If failure does occur, howevcr, say, at Xf 
cycles, the flex index would be calculted as follows: 

+ J'n'Os~l~]/J'n'" 1nX f In500 dlnx) x 100. (11) 

This situation is illustrated in Figure 11. It is obvious that the flex index 
is a very convenient overall index of flex behavior, whether the test is run 
to  complete failure or not, and should always be calculated. 
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Fig. 11. Illustration of flex index when failure occurs before end of test period. 

RESULTS 
(1) flex index; 

(2) initiation point Xo; (3) maximum ratc of cut growth (log scale) over 
the testing period (i.e., 0 to  lo5 cycles); (4) mean rate of cut growth (log 
scale) between X o  cycles and end of test (lo5 cycles). All of these proper- 
ties were calculated by direct computer iteration rather than by direct 
evaluation as outlined above. For compound, 45694 which showed no 
cut growth over the entire testing period, a value of lo5 was assigned for 
the initiation point Xo. This, of course, is only a minimum value but is 
more preferable than assigning no value at  all. The numbers for properties 
(3) and (4) are, of course, 0 and 0 since no growth occurred over the entire 
test period. Properties (1) through (4) for all compounds arc given in 
Table IV. 

The flex results of the present study were summarized by: 

TABLE IV 
Four Indices of Flex Behavior from Computer Program “Flex” 

Compound 
No. Flex index 

45694 100 
45695 15.88 
45696 71.14 
45697 89.02 
45698 81.46 
45699 21.31 
45700 67.01 
45701 94.95 
45702 47.65 

Maximum rate 
of growth 

0 
0.‘41 
0.19 
0.14 
0.13 
0.50 
0.18 
0.18 
0.21 

Mean rate 
of growth 

0 
0.27 
0.14 
0.11 
0.09 
0.26 
0.12 
0.11 
0.16 

Initiation point, 
cycles 

100,000 
189 
888 

3635 
5 10 
113 
213 

8460 
238 
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TABLE V 
Summary of Statistics from Regression Analysis 

F-ratio for 
Index of flex behavior R2 X 100 regression Standard error 

Flex index 96.5 16.8 9 .4  
Maximum rate of growth 91.1 6 . 2  0.073 
Mean rate of growth 94.2 9.8 0.033 
Ln (initiation point) 99.5 121.8 0.026 

A regression analysis was then run to fit a full second-degree polynomila 
equation in two variables to these four properties. This equation is &s 

follows : 

P = bo + blXl + azxz + bnX12 + bzzXz2 + blZXlX2 (12) 

where XI = sulfur in design units; Xz = glycol in design units; and br and 
btj = fitted regression coefficients. The important statistics from the 
regression analysis are given in Table V. 

Contour plots from the fitted equations are shown in Figures 12 to 15. 
Figure 12 for flex index indicates that this property decreased with both 
increased sulfur and increased polyglycol. This probably indicates that 
flex index decreased with increased cure state. 

1.8 22 
SULFUR, PHR 

Fig. 12. Flex index as a function of sulfur and glycol. 
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Fig. 13. Maximum rate of growth as a function of sulfur and glycol. 

18 
SULFUR, PHR 

2 

Fig. 14. Mean rate of growth from initiation point as a function of sulfur and glycol. 
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Fig. 15. Log of initiation point as a function of sulfur and glycol. 

! 

Figures 13 and 14 for maximum and mean growth rate, respectively, 
indicate that growth rate was strongly dependent upon sulfur concentra- 
tion but only slightly dependent upon glycol concentrations. 

Finally, Figure 15 for In (initiation point) indicates a decrease with both 
increased sulfur and increased glycol. The natural log was used to fit the 
polynomial (12) to initiation point because the range of this response 
covered several orders of magnitude. A polynomial is not a flexible 
enough equation form to fit such wide variations, so the log must be taken 
to get an adequate fit. 

DISCUSSION 
The methods for treating elastomer flex data proposed in this paper are 

far superior to those proposed by ASTM D813 because the results are more 
meaningful and have greater precision. Furthermore, the method can be 
programmed for a computer so that, from input consisting only of the 
original data, any number of flex characteristics can be obtained in one 
pass through the computer. 

The most meaningful results are obtained when all test pieces are run to 
failure. In this instance, the preferred flex characteristics are the initia- 
tion point XO and the average rate of growth between X o  and X,. When 
the test is terminated at a fixed number of cycles, the initiation point Xo is a 
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valuable characteristic if most specimens have begun to crack. Further- 
more, if all of the samples have not failed, an average rate of growth be- 
tween, say, 1% and 10% cut growth could be calculated. The flex index 
is a very convenient, overall index of flex behavior which should be cal- 
culated whether all of the specimens are flexed to  failure or not. 

The development of eq. (1) is not the significant feature of this work. 
Rather, it is the general principle of fitting a model to the data and drawing 
conclusions from the equation rather than from the raw data. Although 
eq. (1) is quite flexible and is expected to fit most elastomer flex data, there 
may be some instances where it does not fit. This would not diminish the 
significance of this study, but would only necessitate the finding of a more 
flexible model. 
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